We estimate the gravitational radiation signature of the electron/positron annihilation-driven neutrino burst accompanying the asymmetric collapse of an initially hydrostatic, radiation-dominated supermassive object suffering the Feynman-Chandrasekhar instability. An object with a mass 5 × 10 4 M < M < 5 × 10 5 M , with primordial metallicity, is an optimal case with respect to the fraction of its rest mass emitted in neutrinos as it collapses to a black hole: lower initial mass objects will be subject to scattering-induced neutrino trapping and consequently lower efficiency in this mode of gravitational radiation generation; while higher masses will not get hot enough to radiate significant neutrino energy before producing a black hole. The optimal case collapse will radiate several percent of the star's rest mass in neutrinos and, with an assumed small asymmetry in temperature at peak neutrino production, produces a characteristic linear memory gravitational wave burst signature. The timescale for this signature, depending on redshift, is ∼ 1 s to 10 s, optimal for proposed gravitational wave observatories like DECIGO. Using the response of that detector, and requiring a signal-to-noise ratio SNR > 5, we estimate that collapse of a ∼ 5 × 10 4 M supermassive star could produce a neutrino burst-generated gravitational radiation signature detectable to redshift z 7. With the envisioned ultimate DECIGO design sensitivity, we estimate that the linear memory signal from these events could be detectable with SNR > 5 to z 13.
I. INTRODUCTION
In this paper we point out a surprising and serendipitous connection between the weak interaction physics of supermassive star (SMS) collapse to a black hole, the generation of a linear memory gravitational radiation signature from the neutrino burst that ensues in such an event, and the detection of this signature in proposed mid-frequency (∼ 0.1 Hz) gravitational wave observatories like DECIGO [1, 2] .
We consider stars with a range of masses which falls into the category of the classic SMS of Fowler and Hoyle [3] [4] [5] [6] [7] , i.e., M 10 4 M . These are initially hydrostatic, high entropy, fully convective configurations, with the bulk of the mass-energy provided by baryon rest mass, but with the entropy and pressure support stemming predominately from the radiation field. The result is a star with adiabatic index perilously close to 4/3, trembling on the verge of instability, and therefore ripe for destabilization by tiny (in this case) nonlinear effects inherent in General Relativity: the Feynman-Chandrasekhar postNewtonian instability [8, 9] . There are many unresolved issues surrounding the formation and existence of such objects, their fate once they suffer the post-Newtonian instability, and the weak interaction and nuclear reaction history of the material in the collapsing star and the associated neutrino emission. We will not address these issues here, except insofar as they impact our key requirement for this work: an ultra-high entropy star that collapses to a black hole but remains essentially transparent to neutrinos until nearly the bitter end, when a black hole forms.
First, it must be pointed out that there exists no direct observational evidence, or even an indirect nucleosynthesis or chemical evolution argument that these stars ever existed. Moreover, even the question of whether nature could produce such objects remains unanswered. The existence of supermassive black holes (SMBHs) powering quasars at high redshift is indisputable [10] [11] [12] [13] [14] . This has long invited speculation on the origin of these SMBHs and about the masses of "seed" black holes from which early SMBH could arise via mergers.
Begelman & Rees [15, 16] drafted a flow chart showing the routes to SMBH formation. Several of these include the formation of a SMS, either by suppression of fragmentation of a collapsing primordial gas cloud [17] [18] [19] [20] [21] [22] [23] , or by forming such an object in a dense star cluster via tidal gas stripping in close stellar encounters or by collisions [24] [25] [26] [27] . In the primordial gas cloud collapse scenario, the outcome may depend on the gas accretion rate. High accretion can lead to a non-adiabatic configuration, essentially a compact object at the center with a distended lower density envelope [28, 29] . This will not produce the high entropy, fully convective (adiabatic) configuration we consider here. It is an open question whether a lower gas accretion rate, plus fragmentation suppression through heating or reduced cooling, can lead to this result. Certainly, stellar disruption or collision could produce a high entropy self-gravitating star, but this object might have relatively higher metallicity and therefore may explode via hot CNO hydrogen burning rather than collapse to a black hole [7] .
Instead, we focus on the classic primordial metallicity hydrostatic SMS, completely convective, where the density, temperature, and pressure runs with radius are well described by a Newtonian index n = 3 polytrope, at least initially, prior to the onset of the post-Newtonian instability. Moreover, we point out here that if such a high entropy hydrostatic SMS did form, its subsequent collapse and neutrino emission can produce a unique gravitational wave burst signature, potentially detectable even for a collapse at very high redshift.
Gravitational radiation originating in the collapse of a rapidly rotating SMS to a black hole has been studied in Ref. [30] . That study found that most of the energy radiated in gravitational waves in SMS collapse is generated either by the time changing quadrupole moment of the baryons before trapped surface formation, or subsequent black hole ring down, all depending on the initial angular momentum content of the star. The gravitational wave signal produced this way will be a conventional, oscillatory one, well matched to proposed detectors in the midto low-frequency band.
Here we consider something quite different, both in the origin of the gravitational radiation in a SMS collapse and in the nature and signature of this radiation in detectors. While the study in Ref. [30] centered on the effects of the bulk of the mass-energy, the baryons, in these objects, here we examine a complementary issue, the role of the very sub-dominant neutrino component in gravitational radiation production. Gravitational waves generated by the neutrino burst associated with ordinary core collapse supernovae and neutron star production is an old and well investigated idea [31] [32] [33] [34] [35] [36] , but these venues are eventually opaque to neutrinos and involve neutrino emission from a neutrino sphere. By contrast, we examine what happens in a star with significant neutrino emission, more than a few percent of the gravitational binding energy, yet has high enough entropy and therefore low enough density to be essentially transparent to neutrinos until near gravitational trapped surface formation. We will show how, unlike a static neutrino-transparent configuration, a collapsing but otherwise transparent SMS can "lock in" an asymmetry in neutrino emissivity and thereby generate a neutrino burst with a time-changing effective quadrupole moment.
Interestingly, since neutrinos emitted during the collapse are gravitationally unbound, the accompanying gravitational radiation generated by the neutrino burst will constitute what is termed gravitational waves with linear memory (GWM) [37] [38] [39] [40] . A GWM is a nonoscillatory gravitational wave that leaves a net change in the gravitational wave strain after the signal has passed by.
The GWM effect was first discussed in its linear form in the 1970-80s [37] [38] [39] [40] [41] [42] [43] [44] . For a recent review see Ref. [45] . In general, systems with more than one mass component gravitationally unbound to each other can produce gravitational waves with linear memory. Several such production mechanisms have been discussed, for example, hyperbolic binaries [39, 41] , gamma-ray bursts [46] , matter ejecta from supernova explosions [31] [32] [33] [34] [35] [36] , and anisotropic neutrino emission [42, 43] . The prospects for detecting the memory effect have been studied in Refs. [40, 44, 47] . This paper is organized as follows. In Section II we discuss the neutrino emission from SMSs. In Section III we estimate the strain magnitude of the gravitational wave signals from this mechanism in collapsing SMSs and calculate the corresponding waveforms. In Section IV we discuss the prospects for detection of these signals with the next generation space-based gravitational wave detectors. In Section V we discuss other possible sources which could also produce the linear GWM signal with strain magnitude and timescale similar to those originated from high-redshift SMS collapse. Throughout this paper we adopt geometric and natural units, G = c = k b = = 1, and assume ΛCDM cosmology with the closure fraction of the non-relativistic component chosen as Ω M = 0.3, the vacuum energy contribution to this fraction taken as Ω Λ = 0.7, and the Hubble parameter at the current epoch in units of 100 km s −1 Mpc −1 taken to be h = 0.7.
II. CHARACTERISTICS OF SMSS
A. Total neutrino energy from the collapsing SMS A hydrostatic, fully convective SMS with stellar mass M SMS 5 × 10 4 M has a structure well represented by an n = 3 polytrope. It is radiation dominated and most of its entropy is carried by photons and electron/positron pairs. The entropy per baryon in units of
is the homologous core mass in units of 10 5 M [48] . As the SMS gradually radiates away energy and shrinks in radius, the star eventually suffers post-Newtonian instability and begins to collapse. For M HC ∼ 10 5 M , instability sets in roughly at the onset of hydrogen burning. A fraction, likely a few tens of percent, of the initial stellar mass may collapse homologously, depending on the history of neutrino energy loss, nuclear burning and initial angular momentum content and distribution [7] . It's this homologous core that produces the initial BH.
The gravitational binding energy liberated in the collapse is E s ∼ M HC . Most of this energy is trapped in the BH, but a small fraction will be radiated as neutrinos. These neutrinos are produced mostly via electron/positron pair annihilation into neutrino pairs. Since the rate of the energy emissivity of this neutrino pair production channel is proportional to a high power of the temperature, ∝ T 9 [49] [50] [51] , the bulk of the radiated neutrino energy will be produced very close to the BH formation point, where the temperature is the highest.
Just how high the plasma temperature gets before redshift associated with gravitational trapped surface formation cuts off neutrino escape depends on details of SMS evolution, e.g., nuclear burning and convective timescales during the collapse, and on the collapse rate near BH formation.
Shi & Fuller [48] estimated that the total neutrino energy emitted during the collapse of a non-rotating SMS as 3. s. More sophisticated hydrodynamic simulations conducted by Linke et al. [52] show that the innermost 25% of the SMS mass will collapse homologously to a BH, emitting neutrinos on a timescale approximately 11 times longer than estimated by Shi Shi & Fuller. The difference between these calculations reflect the different ways in which neutrino emission and redshift near the BH formation point were calculated. In turn, this physics is dependent on the treatment of in-fall and collapse timescales, pressure, and the adiabat of collapse. The Linke et al. calculation likely is more realistic, as it gives a self consistent calculation of neutrino emission coupled to collapse dynamics and redshift. Nevertheless large uncertainties remain in the physics "upstream" of the BH formation point. Consequently, we will consider both calculations in our assessment of the neutrino burst-generated linear memory gravitational wave signal from SMS collapse.
The calculations in Ref. [48] do not apply for M = 0.1, close to BH formation, has a neutrino mean free path smaller than the Schwarzschild radius. We conclude that for M HC 5 0.1 the homologous core will be subject to neutrino scattering-induced trapping and is opaque to neutrinos. It is likely that a significant fraction of neutrinos will be carried into, and trapped inside, the BH in this case.
At higher SMS masses, a smaller fraction of the SMS rest mass is radiated as neutrinos even though the total gravitational binding energy released in the collapse is higher. This stems from the fact that electron/positron pair annihilation neutrino emissivity scales as the ninth power of the temperature, whereas the temperature scales as (M HC ) −1/2 . At large SMS mass the core will not get hot enough to radiate a significant fraction of E s before BH formation. When M HC 5 10, less than 0.1 percent of the homologous core gravitational binding energy would be emitted as neutrinos.
Subject to scattering-induced neutrino trapping at low SMS masses, and low neutrino emissivity at high SMS masses, the optimal mass range of the homologous core for a maximal fraction of the SMS mass to be radiated in neutrinos is 5 × 10 4 M < M HC < 5 × 10 5 M . As discussed above, there remain open questions in the evolution and collapse physics of SMSs. These issues can be relevant for the neutrino burst accompanying SMS collapse. In part, uncertainties in the characteristics of the eventual neutrino burst arise from the fact that the total energy, internal plus gravitational, of these objects near their instability points will be very close to zero. Relatively small changes in nuclear burning history or neutrino emission history may lead to significant subsequent alterations in the thermodynamic history of collapse. During the collapse, neutrino emission and escape remove entropy from the star, while nuclear burning in effect counters this by adding entropy. By far the biggest effect is the former, entropy loss, but the latter entropy source helps determine the entropy content relevant for peak neutrino emission just before the BH formation point. The small effect from nuclear burning in making the entropy, and hence temperature, slightly higher can be significant because the neutrino emission rate from electron/positron pair annihilation scales as the ninth power of the temperature. Though there is negative feedback between the competing processes of neutrino engendered entropy loss and added entropy from nuclear burning, in the end nuclear burning will mean stronger neutrino emission overall and a larger fraction of the homologous core rest mass radiated as escaping neutrinos.
That is, as long as the energy production from nuclear burning is not large enough, or not optimally phased in time or location, so as to cause the thermonuclear explosion and disruption of the star! An explosion caused by nuclear burning early in the collapse obviously precludes production of a BH. The lower end of our considered range of SMS masses may be the most vulnerable to the uncertain details of the phasing and interplay of nuclear burning, convection, rotation, and neutrino emission. For example, the calculation reported in Ref. [53] suggested that for a narrow range of SMS masses around 5.5 × 10 4 M "explosive" helium burning immediately subsequent to the post-Newtonian instability point would be sufficient to cause an explosion of the star, even with primordial metallicity at SMS formation. This calculation highlights the outstanding uncertainties associated with SMS evolution up to the instability point and subsequently.
B. Creating an anisotropic neutrino energy flux
There can be another consequence of electron/positron annihilation-generated neutrino energy emission being proportional to nine powers of temperature [49] [50] [51] . Because of this high sensitivity to the temperature, even a small anisotropy in the temperature can translate into an order of magnitude larger neutrino emissivity anisotropy. For example, a configuration with a 2.5% lower temperature at the equator than at the poles will have an approximately 25% neutrino emissivity asymmetry between volume elements along the equatorial plane and the polar direction.
In the SMSs we consider here, the bulk of the pressure, P , comes from relativistic particles, implying that P ∝ T 4 . Therefore δP/P = 4δT /T . So a 2.5% decrease in temperature corresponds to a 10% decrease in pressure. A rotation-driven centrifugal acceleration decreases the required pressure support in the star's equatorial plane relative to its polar direction. Interestingly, 10% difference in pressure between the equator and pole on a 2-sphere near the maximum neutrino emissivity point, in turn, likely would not significantly change the free-fall collapse time there. For M HC = 10 5 M , an angular speed of ω ∼ 0.22 rad s −1 at BH formation, corresponding to dimensionless angular momentum of J/M 2 ∼ 0.18, would produce a 25% neutrino energy emissivity anisotropy.
If the SMS is both transparent to neutrinos and static, this emissivity asymmetry would not be imprinted on the neutrinos escaping to infinity. The reason for this is simple: Neutrino emission from each volume element in the core will produce a symmetric neutrino emission pattern, radiating neutrinos isotropically, and in a completely neutrino-transparent, spherically symmetric star where each volume element is at rest, the neutrino radiation seen by distant observers will be spherically symmetric and static. However, many of these conditions are violated in a real, collapsing star. A collapsing star, where fluid elements move, will lock-in some of the temperature variation-created local emission anisotropy discussed above. The mechanism for this is rooted in the non-equivalence of neutrino directions in the collapsing star and, in particular, a direction-dependent differential blueshift-redshift akin to the integrated Sachs-Wolfe (ISW) effect in cosmology [54] .
Neutrinos emitted into an inwardly-directed pencil of directions will escape from the star with significantly less energy flux than they were born with. Of course, that is true for any redshifted neutrino, but the point here is that the extent of the unbalanced blueshift-redshift is emission angle-dependent. This breaks spherical symmetry in the neutrino-transparent star. Neutrinos will gain energy, i.e., experience blueshift, as they stream toward the center of the star (homologous core or BH) and lose energy, suffer redshift, as they stream away from the center. However, the key point is that this geometry is not static, and the SMS is collapsing. In the time frame over which most of the neutrinos are produced, the SMS has significantly collapsed, causing the gravitational potential well to become correspondingly deeper. Consequently, the redshift will be larger than the blueshift. This represents a net gravitational redshift, along with absorption by the BH (the ultimate gravitational redshift) for some neutrino directions, implying that although the emission from a given incremental volume element is isotropic, the redshift and absorption of neutrinos produced by this volume element is not. Fig. 1 illustrates the geometry of this differential blueshift-redshift effect. This is how a net anisotropy in the neutrino emission from the SMS, as observed by a distant observer, can be generated.
In Appendix C, we present an order of magnitude estimate of the transformation of a neutrino emissivity anisotropy, η, (caused by, e.g., modest SMS rotation) to a neutrino energy flux asymmetry, α, as measured by a distant observer, by this ISW-like mechanism. We stress that the model in the Newtonian treatment in Appendix C is meant to be an order of magnitude estimate and is not meant to be a detailed analysis of the many general relativistic effects that may affect the result, which is beyond the scope of this work. Nevertheless, our intriguing results suggest that such a fully general relativistic study is warranted.
There are two important results from the Newtonian model in Appendix C: that the neutrino energy flux asymmetry has the opposite sign from the neutrino emissivity asymmetry; and that is an order of magnitude smaller. If a rotation-created temperature asymmetry resulted in an η = 0.25 neutrino emissivity asymmetry, where mass elements at the poles emit 25% more neutrino energy than those at the equator, the ISW-like effect would result in an α ∼ −0.02 neutrino energy flux asymmetry, where the SMS emits roughly 2% less neutrino flux in the polar direction than the equatorial direction. This assumed number for rotation-induced temperature anisotropy is chosen for illustrative purposes only, with only the proviso that the rotation speeds be so modest as to not alter the collapse significantly.
Note that α and η have opposite signs. This is because the more emissive polar regions (η > 0) will create more neutrino energy flux in the equatorial directions than polar directions. This is because the inward directed flux will be suppressed by the ISW-like effect. In addition, α is smaller in magnitude than η because of an averaging effect over outward directed neutrino trajectories that reduces the size of the asymmetry.
Several factors stemming from the strong gravitational field and relativistic environment might also alter the neutrino energy flux asymmetry. Direction beaming effects will be most important when the matter moves at relativistic velocity. This will happen only near the BH formation point. In spite of that, the redshift will dominate over the beaming effects whenever the in-falling fluid elements are moving close to the speed of light [55] . As a result, the beaming contribution to the neutrino luminosity should not be dominant. Another factor to consider is the deflection of neutrino trajectory in the strong gravitational field regime. Again, reference [55] , studying the neutron star regime, shows that where this effect is significant, redshift is dominant. Just how significant the null trajectory-bending effect could be in altering the neutrino emission asymmetry requires a fully general relativistic simulation, which is beyond the scope of this paper.
III. GRAVITATIONAL WAVES FROM ANISOTROPIC NEUTRINO EMISSION
Anisotropic neutrino energy transport and emission can radiate gravitational waves so long as there is a timechanging quadrupole moment in the neutrino flux. This type of gravitational wave signal was first analyzed by Epstein [42] . Since then the formalism has been applied to core-collapse supernovae in several studies [31] [32] [33] [34] [35] [36] .
In this paper, we use the same formalism but deal with a completely different object and environment. SMSs have mass density several orders of magnitude lower than the density of core-collapse supernovae. Even at the onset of black hole formation, the density in the center of the SMSs we consider is no more than 10 9 g cm −3 , while the density of core-collapse supernovae reaches nuclear matter density, ∼ 10 14 g cm −3 , or higher. In core-collapse supernovae anisotropy in the neutrino emission and outgoing neutrino flux stems from inhomogeneity on the surface of the neutrino-sphere, roughly the proto-neutron star surface. By contrast, as discussed in the last section, in the SMS case anisotropy in the neutrino emission and outgoing flux is produced by temperature anisotropy in the homologous core.
A. Collapsing SMSs and gravitational radiation
Consider the collapse of a SMS that anisotropically emits a burst of neutrinos with total energy E ν, loss over a burst time scale ∆t. The gravitational wave strain measured distance d away from this prodigious neutrino burst can be estimated with the quadrupole moment approximation, h ≈ 2Ï/d. If α represents the polarequatorial neutrino emission asymmetry, the neutrino mass-energy density will have an asymmetric component αE ν, loss /(4πR 2 ∆t), where R is the radius of the homologous core. This corresponds to a quadrupole moment HC . This is also roughly the free-fall time near BH formation. Because of the steep temperature dependence of e ± -pair annihilation neutrino energy emissivity, most neutrinos are radiated close to BH formation. Consequently, we take R as the Schwarzschild radius of the homologous core, 2M
HC . Assuming the total energy release in neutrinos is a fraction β of the homologous core rest mass, the gravitational wave strain can be estimated as
Note that cosmological redshift will increase the burst duration at the detector. The neutrino burst time ∆t in the source's rest frame (including SMS gravitational redshift effects) will be redshifted to ∆t m = ∆t (1 + z) in the detector's rest frame. Table I shows the characteristics of gravitational wave signals from collapsing SMSs at redshift z = 7 and with a 2% neutrino emission asymmetry. This table presents these estimates for two different calculations of E ν, loss . Of course, the strain derived by using Eq. (1) is only an order-of-magnitude estimate. One flaw in this estimate is the approximation of the time-derivative as the inverse of the characteristic neutrino burst time, which would imply a single-frequency wave. However, because the neutrinos emitted during SMS collapse are gravitationally unbound, the gravitational wave generated by the neutrino burst is a GWM with broad-band characteristics. To get the correct power spectrum of the gravitational radiation, one should include Fourier components at all frequencies. Nevertheless, Eq. (1) serves to capture the GWM strain amplitude to be expected from the time-changing energy flux and quadrupole moment of the neutrino field associated with SMS collapse.
B. Neutrino burst-generated gravitational waves with memory
We follow the formalism in Ref. [42] to calculate the key features of the form of the gravitational wave with memory (GWM) generated by neutrino emission in SMS collapse. These results also can be derived via a timechanging quadruple moment approach, as detailed in Appendix A. The gravitational wave measured at time t by an observer at distance d from the SMS source was generated by that source at retarded time t = t − d. The corresponding dimensionless gravitational wave strain is [32, 42] 
where L ν (t ) is the neutrino energy luminosity at the retarded time, F (t , Ω ) is the emission angular distribution function and dΩ = sin θ dθ dϕ is the solid angle enclosing the source. The superscript TT denotes the transverse traceless gauge and "strain" is the metric deviation, which is identical to the trace reverse in this gauge. Here we introduce the detector's (observer's) frame xyz and the source frame x y z , as shown in Fig. 5 in Appendix A -the detector is at a distant location d along the observer's z-axis in this figure. With the orientation of axes in this figure, the two gravitational wave polarizations at the detector are h
To simplify the calculation, we take the emission angular distribution to be time-independent and axisymmetric about the z axis:
The angular distribution of neutrino emission is enhanced at the two poles relative to the equator when α > 0, and in the equatorial plane relative to the poles when α < 0. The scenario that we describe in Sec. II B has α < 0. Because of the φ -independence of the emission distribution in Eq. (3), it can be shown that the only relevant polarization in Eq. (2) is "plus" polarization, h
After integration over all solid angles in Eq. (2), the gravitational wave strain is:
As expected, the gravitational wave strain is zero when the detector is located along the polar axis of the source (ξ = 0 or π) and maximal in magnitude when the detector is located in the source's equatorial plane (ξ = π/2).
As noted, the gravitational wave signal generated by anisotropic neutrino emission is a GWM. The "memory" effect is so named because this gravitational wave type results in a nonzero net strain after the signal has passed the detector. In other words, its passage imprints a permanent proper displacement between two freely falling masses. The GWM waveform in the time-domain would look like a DC offset signal, but with a rise time ∆t m :
where ∆h TT xx is calculated in Eq. (4).
IV. THE SIGNAL TO NOISE RATIO
In this section we compute the signal-to-noise ratio of the neutrino burst-generated gravitational wave signals and we consider the prospects for detecting these signals with space-based laser interferometry. The sky-averaged squared signal-to-noise ratio is
is the GWM's characteristic strain at frequency f and is defined as
whereh + (f ) is the Fourier transform of the GWM pluspolarization strain (metric deviation) in Eq. (5):
The ... in Eq. (6) denotes the average over the sky position and polarization of the source, i.e., the average over ξ. h n (f ) is the characteristic detector noise amplitude obtained after taking the average of sky-location and polarization angle, i.e., h n (f ) = f S n (f )/ F 2 + (θ, φ, ψ) 1/2 , where S n (f ) is the detector's one-sided noise spectral density and F + (θ, φ, ψ) is the detector's beam pattern function. The value of F 2 + for detectors like DECIGO and BBO is 1/5, and 3/20 for detectors like LISA [47, [56] [57] [58] .
In the low frequency limit where f 1/∆t m , Eq. (7) becomesh (f ) = ∆h/2πif and the dimensionless characteristic strain h c approaches a frequency-independent value ∆h/π (here we use ∆h to denote generically the metric deviation signals referred to above, e.g., ∆h TT xx , etc.). This is one of the interesting properties of the gravitational wave memory effect. These low frequency characteristics of GWM are sometimes referred to as the "zero frequency limit" [38, 43, 59] .
In general, detectors with high sensitivity at low frequency are ideal for memory-type gravitational waves detection. Consider, for example, the pulsar timing array (PTA) [60, 61] , which is most sensitive in the nano-Hertz frequency band. A gravitational wave memory signal in this band that can be treated as an extreme low frequency wave is potentially "audible" to PTA. But one important factor that limits the sensitivity of the PTA in detecting GWM signals is the resolution of the best clock in the world. The pulse arrival time shifted by gravitational waves is ∆t/t ∼ ∆h; on the other hand, the stability of the best clock, which has a strain sensitivity at a level ∼ 10 −15 after integrating the data for Characteristic strain amplitude 10 years [62] , is still far short of what is required to detect gravitational waves from collapsing SMSs, where we might expect ∆h ∼ 10 −23 . Fortunately, space-based gravitational wave detectors, for example DECIGO and BBO [63, 64] , with optimal sensitivity to frequencies in the deci-Hertz band, and high peak sensitivity (h c ∼ 10 −24 ), could be ideal for detecting GWM from neutrino bursts from SMS collapse. Serendipitously, the SMS homologous core mass range giving the largest fraction of rest mass radiated as neutrinos also produces GWM with frequencies more or less coincident with the optimal sensitivity frequency range for DECIGO and BBO. neutrino burst-generated GWM signals estimated here. LISA is a gravitational wave interferometry antenna in Earth-like solar orbit with arm length 2.5 Gm [65] . With the currently envisioned LISA design sensitivity, the gravitational wave signal from the collapse of SMSs at z 0.1 is too weak to be detected, for both results for overall neutrino emission.
DECIGO is also a gravitational wave interferometry antenna in Earth-like solar orbit, but with a 1000 km arm length and covering the mid-frequency (∼ 0.1 Hz) gravitational wave band with h rms ∼ 2 × 10 −24 [1]. Its high sensitivity at f ∼ 0.1 Hz is ideal for the detection of SMS neutrino burst-generated gravitational wave signals which have characteristic timescale ∼ 1 s to 10 s. With the Shi & Fuller result, a GWM signal for an SMS with M HC ≈ 5×10 4 M will be "audible" with DECIGO (here assuming a basic "set" [58] of detectors) at z = 7, and much higher redshifts for envisioned ultimate DECIGO design parameters M is too faint to be seen at z 0.1 with the basic DECIGO configuration, but will be detectable with Ultimate DECIGO at z = 7. Fig. 3 gives examples of the expected SNR for our estimated SMS neutrino burst-generated GWM as a function of redshift for a range (contours) of homologous core masses. The results shown in this figure use both the Shi & Fuller (top panel) and Linke et al. (lower panel) estimates for overall neutrino burst luminosity. In each of these example calculations we take the neutrino energy flux asymmetry parameter to be α = −0.02. This figure provides insight into the prospects for detection of these GWM signals. We show (upper panel) the most optimistic estimate of neutrino burst luminosity and most favorable (highest) rest frame frequency paired with the least sensitive version of DECIGO, and the least favorable estimate of neutrino emission and rest frame frequency range paired with the most sensitive and capable version of DECIGO planned, i.e., "Ultimate" DECIGO. Based on Shi & Fuller result, the GWM signal for an SMS with M HC = 5 × 10 4 M and α = −0.02 could be detected by DECIGO with SNR > 5 out to redshift 7. With the same mass and asymmetry, the GWM signal with Linke et al. result is not detectable with basic DE-CIGO, but is detectable by Ultimate DECIGO with SNR > 5 out to redshift 13. Fig. 4 provides insight into detectability of neutrinoburst-generated GWM. In this figure we show contours of detectability redshift as a function of neutrino emission asymmetry and the total energy radiated in neutrinos for a SMS with homologous core mass M HC = 10 5 M . Here the contours of redshift "detectability" indicate a SNR≥ 5 in Ultimate DECIGO. The total neutrino emission for this particular example is 3.6 × 10 57 ergs, as calculated with the Shi & Fuller neutrino emission result and approximately 10 56 ergs with Linke et al. result. All of these estimates are intriguing, suggesting that deciHertz gravitational wave detectors may be able to probe massive black hole production and associated physics at redshifts at, and even well beyond, those of the epoch of re-ionization.
SMS collapse events with a given mass and given neutrino emission asymmetry could be detected to even larger distances if nuclear burning prior to, or during, collapse causes the entropy to increase, in turn causing a larger fraction of SMS rest mass to be radiated as neutrinos. But nuclear burning and rotation also can decrease the chances for detection of SMS neutrino bursts.
In this vein, we should emphasize that all of our estimates are rough, and many issues in SMS physics remain open, as discussed above in Sec. II. For example, the neutrino emission calculations in both Shi & Fuller and Linke et al. results do not include the possible effects of nuclear burning on the SMS's collapse adiabat, nor do they incorporate the phasing of this nuclear energy input with the post-collapse build-up of infall kinetic energy in the homologous core. Moreover, if significant pressure or centrifugal support resists the free fall of the homologous core, more neutrinos can be emitted, as there is more time for emission before the formation of a trapped surface. As a consequence of this effect, however, peak neutrino emission will be shifted to a lower frequency because the collapse time will be longer than the free-fall time near the BH formation point. As illustrated by the examples in Fig. 2 , shifting the frequency of the neutrino burst-generated GWM to the low side of the DECIGO peak sensitivity frequency range impairs that detector's ability to "see" these signals at the higher redshifts.
On the other hand, the rapid release of nuclear binding energy may destroy the star in an explosion instead of forming a large remnant BH. Of course, this results in much less total neutrino emission. The calculation reported in Ref. [53] suggests a possible narrow SMS mass window, centered around M SMS ≈ 5.5 × 10 4 M , where a non-rotating, primordial (zero) metallicity SMS could experience rapid, "explosive" helium burning beginning just after the conclusion of hydrogen burning and in close coincidence with the the post-Newtonian instability point. This could result in thermonuclear explosion, as not much infall kinetic energy will have been built up prior to the helium burning energy injection. Moreover, the coincidence of the triple-alpha ignition point and the onset of instability is likely what limits the SMS mass range for this behavior and targets the lower masses in the range of masses considered here -only the lower end our mass range would have a stable main sequence.
SMS produced at later epochs, or in scenarios involving tidal disruption or stellar coalescence in a dense star cluster, may have small but non-zero initial metallicity. These could also experience thermonuclear explosion rather than collapse to a BH. A small initial carbon, nitrogen, or oxygen (CNO) content could facilitate hydrogen hydrogen burning via the CNO cycle, and thereby allow an early break-out into the rp-process. In turn, this break-out would result in a greater rate at which nuclear energy is added as compared to that in the proton-proton hydrogen burning regime characterizing the early stages of collapse in initially zero metallicity SMSs. Nuclear energy addition immediately after the post-Newtonian instability point, before the build-up of an infall kinetic energy "debt," enhances the chances for thermonuclear explosion.
Rotation can also enhance these chances. The study in Ref. [66] shows that a rotating SMS with a mass M SMS ≈ 5 × 10 5 M at initial angular speed 2.5 × 10 −5 rad s
reduces the metallicity threshold for thermonuclear explosion to Z CNO ≈ 0.001. Their result for a star that explodes this way shows a decrease of 10 orders of magnitude in total neutrino loss rate relative to a model that collapses to a BH. In any case, post-instability thermonuclear explosion of an SMS will decrease the total energy radiated in neutrinos and, at the same time, increase the neutrino burst timescale relative to that of a SMS that collapses to a BH. These features decrease the prospects for detecting a neutrino burst-generated GWM signal.
V. OTHER POSSIBLE GWM SOURCES
There are several other astrophysical sources which could produce a linear memory GWM signal with strain magnitude and overall timescale similar to those originating from a neutrino burst associated with a high-redshift SMS collapse. If a space-based laser interferometer gravitational wave observatory were to record a signal with characteristics along the lines of what we discuss above, how would we know it was actually a SMS collapsegenerated GWM? Direct neutrino detection could constitute a confirmation, as the time dependence of the neutrino signal in principle could tag the event as having a SMS collapse origin [67, 68] . However, the neutrino radiation from a high-redshift SMS collapse will be difficult to detect for redshift z 0.2, though below this redshift the SMS collapse time template may allow IceCube to extract this signal [68] .
Detection of the gravitational-wave ringdown signal associated with the black hole produced in SMS collapse might be another way to tag the linear memory GWM signal as having a SMS collapse origin. In fact, the ringdown signal should follow neutrino burst-driven GWM by no more than one dynamical timescale, ∼ M HC 5 s. However, a slowly rotating or a non-rotating SMS might not generate a gravitational-wave ringdown signal of high enough amplitude to be detected by the existing or proposed laser interferometers, especially if the SMS is at high redshift.
A non-detection of the gravitational-wave ringdown signal will force us to examine other possible sources, for example, conventional core collapse supernovae and hyperbolic binaries occurring in the local galactic group. A typical core collapse event radiates roughly ∼ 10 53 erg in neutrinos in a few neutrino diffusion timescales, 10 s. A supernova event occurring in the Andromeda galaxy, approximately 1 Mpc away from earth, could produce a neutrino burst-generated GWM signal with strain ∼ 10 −23 on a timescale ∼ 1 s to 10 s, similar to the characteristics of neutrino-burst generated GWM from highredshift SMS collapse.
Fortunately, several other counterpart signals would be expected to accompany the supernovae GWM signal, for example, the strong gravitational-wave burst without memory from the motion of the baryonic component in the source, the electromagnetic (EM) radiation, and the burst of neutrinos. The latter may be problematic to detect if the source is at an appreciable distance outside the Galaxy. The detection of any of these counterparts could help to distinguish a GWM signal from local group core collapse supernova events and the GWM signal from a high-redshift SMS collapse. EM transients associated with conventional compact object sources should be detectable in most circumstances where their linear memory signals might be confused with those discussed here. Indeed, it is interesting to speculate on whether the EM signal from SMS collapse or explosion at high redshift might be detectable -the future prospects for such a detection are encouraging given the revolution occurring in time domain/transient astronomy across the EM spectrum.
There can be other compact object sources of linear memory GWM signals. Among these are hyperbolic binaries, i.e., two stars in an unbound orbit, in essence "bremss-ing" off gravitational radiation. Two stars undergoing a close, but unbound encounter, can radiate GWM signals with strain magnitude 4 m A m B /(b r) on the characteristic timescale b/v [39] . Here m A and m B are the masses of the two objects, b is the impact parameter, r is the distance from the observer to the hyperbolic binary source, and v is the relative velocity between the two objects at closest approach. Consider two neutron stars in the Andromeda galaxy (assumed 1 Mpc distant from earth for this example) flying past to each other with a relative speed ∼ 1000 km s −1 and an impact parameter ∼ 10 4 km. The gravitational wave strain from this event would be ∼ 6 × 10 −23 , and the timescale over which the amplitude of this gravitational radiation is appreciable is ∼ 10 s. We would expect no significant EM or neutrino signatures from such an event.
However, the polarization of the expected gravitational radiation from a hyperbolic encounter will be different from the polarization in SMS neutrino burst-generated GWM. As shown in Ref. [39] , the gravitational wave generated in the hyperbolic binary encounter have both linear and circular polarization, whereas the neutrino burstgenerated GWM discussed in this work would have only linear polarization. A detection of a circularly polarized component of the GWM generally would indicate that the signal was not produced in the SMS scenario discussed here. But there is a loophole. Note that at some detector inclinations relative to the orbital plane of the hyperbolic binary, the observer would receive only the linearly polarized GWM component and not the circularly polarized one (see Fig. 2 in Ref. [39] ). In that case, we would not be able to distinguish between the GWM signal coming from a hyperbolic binary and the GWM signal coming from high-redshift SMS collapse.
VI. CONCLUSION
In this paper we point out an intriguing connection between neutrino burst-generated gravitational waves from the collapse of high entropy, fully convective SMSs at high redshift and the capabilities of proposed spacebased gravitational wave observatories like BBO and DE-CIGO to detect linear memory gravitational wave signals with high sensitivity. We have made simple estimates of the expected linear memory gravitational waves (GWM) likely to be produced by SMS collapse-generated neutrino bursts and the response of these detectors to these signals. We conclude that detection of these GWM is possible in some cases and for some DECIGO detector configurations, even from SMS collapse at high redshift. Detections along these lines would open a new window on an old, but otherwise mysterious issue in relativistic astrophysics: the origin of supermassive black holes.
In the scenarios we examined, gravitational collapse of high entropy SMSs engineers prodigious neutrino production which, in turn, gives rise to a relatively unique gravitational wave signal, the GWM. The high entropy attendant to a hydrostatic SMS implies that these objects possess copious electron/positron pairs in electromagnetic equilibrium. This, coupled with the strong temperature dependence (∝ T 9 ) of e ± -pair annihilation into escaping neutrino pairs of all flavors, guarantees that SMS collapse constitutes an prodigious engine for neutrino production.
In fact, SMSs with homologous core masses in the range 5 × 10 4 M to 5 × 10 5 M will radiate an optimal fraction of their rest mass in a burst of neutrinos, mostly produced close to the black hole formation point because of the T 9 neutrino emissivity dependence. Neutrinos from lower mass stars will likely suffer scatteringinduced trapping, cutting down the amplitudes and decreasing the frequency of gravitational waves produced, while higher mass SMSs do not get hot enough to radiate a significant fraction of their mass in neutrinos before black hole formation. The collapse of a 10 5 M SMS is likely accompanied by a few percent of its gravitational binding energy being radiated as neutrinos, on a timescale ∼ 1 s to 10 s. An asymmetry in the outgoing neutrino energy flux can create a characteristic GWM signal, observable in the frequency bands where DECIGO and BBO are most sensitive.
For example, a modest rotation of the SMS could result in a small temperature and neutrino emission asymmetry. In an otherwise static and neutrino-transparent SMS, this would not produce an appreciable quadrupole moment in the neutrino field. However, in a non-static, collapsing SMS, the neutrino direction symmetry is broken, and a differential blueshift-redshift effect, much like the integrated Sachs-Wolfe (ISW) effect for photons propagating through evolving density fluctuations/potential wells in the early universe, serves to imprint any temperature asymmetry or inhomogeneity on the outgoing neutrino energy flux -this can give a time-changing quadruple moment in the neutrino mass-energy field and, hence, gravitational radiation. Using Shi & Fuller's result for neutrino energy luminosity, the neutrino burstgenerated GWM signal produced from the collapse of an M HC = 5×10 4 M SMS could be observed with SNR > 5 for DECIGO out to redshift 7 and for Ultimate DECIGO out to redshifts of order ∼ 100. Using Linke et al.'s result for the neutrino energy luminosity, they would be observable with out to redshift z ∼ 13 with SNR > 5 in the Ultimate DECIGO configuration. The unique characteristics of the DECIGO detector response to a linear memory gravitational wave should allow this detector to tag this signal as a GWM.
There are many pitfalls and unresolved issues in our estimates. We have discussed several of these, including the effects of nuclear burning and the phasing of this energy input with hydrostatic SMS evolution, collapse, and neutrino emission. Near BH formation, the collapse timescale -over which most of the neutrinos are emittedmay be significantly larger than the free-fall timescale we have employed in our calculations. This could shift the timescale of the GWM longer and out of the most sensitive frequency range of the detectors like BBO/DECIGO. Hydrodynamic evolution itself could be impacted by the competing processes of nuclear burning and neutrino energy loss. For example, radiation pressure will resist the infall of the homologous core, resulting in a collapse timescale larger than the free-fall timescale. On the other hand, a more extended collapse time will increase the integrated neutrino emission, and therefore increase the GWM strain. The coupled nuclear, weak interaction, rotation, and hydrodynamic evolution of SMS stars remains a fascinating, if complicated story. How these issues play out in detail could affect the GWM estimates we make here. Obviously, a key conclusion of our work here is that more sophisticated calculations including these and other effects are warranted.
It remains an open question whether high entropy, fully convective SMSs form at high redshifts, and if they do form, whether the BHs they produce are the seeds for the formation of high redshift SMBHs. For the purposes of this study, we are agnostic on these issues. However, the detection of GWM signals attributable to the neutrino burst from these high redshift SMSs may provide an intriguing hint toward solving, or narrowing, the problem of the formation of SMBHs in the high redshift universe. It is remarkable that the envisioned space-based gravitational wave observatories like BBO/DECIGO could be poised to probe this physics in a nearly unique way.
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We can break up the neutrino burst into N components and label them by index α = 1, 2, 3, ..., N. The massenergy density distribution can be written in the pointmass description:
where M α , v α and r α are the rest mass, velocity and position of the αth neutrino. Assuming constant neutrino velocity, the second timederivative of the mass quadrupole moment tensor becomesÏ
where N is the unit vector between the source and the detector andn is the unit vector of the neutrino flux directed into the solid angle dΩ . The second step of Eq. (A2) assumes neutrinos travel at the speed of light and we interpret the M α / 1 − v 2 α to be the αth neutrino's energy measured in the detector's rest frame. The (1 − N ·n) −1 term comes from the Lienard-Wiechert solution. Now apply the gravitational wave quadrupole formula and obtain
xyz and x y z are coordinate systems of the detector and the source, respectively. The source is located at the origin and the detector is far out in theẑ direction. We choose the neutrino emission distribution to be axisymmetric about the z axis. The x − z and x − z planes are coplanar and differ by a rotation by angle ξ about the y axis.
Here d is the distance from the source to detector; dΩ is the solid angle enclosing the source; E ν is the total energy emitted as neutrinos. Evaluating Eq. (A3) yields gravitational waves with linear memory (GWM) from a burst of neutrinos: gravitational wave strain h jk TT = 0 before the GWM arrives and accumulates to a nonzero value ∆h jk TT after the gravitational wave passes the detectors.
If the emission has spherical symmetry, then there is no gravitational signature -this is Birkhoff's theorem; but if there is a small anisotropy in the neutrino emission dE ν /dΩ , then the integral in Eq. (A3) is nonzero and therefore the memory strain accumulates to a nonzero value. The function d 2 E ν /dΩ dt in Eq. (A3) can be written as L ν (t ) F (t , Ω ), where L ν (t ) is the neutrino luminosity and F (t , Ω ) is the emission angular distribution with F (t , Ω ) dΩ = 1.
Placing the detector at the transverse direction of the gravitational wave, say along the z axis in Fig. 5 , the two polarizations are h 
where θ is the angle between the flux going into dΩ and the direction to the detector, and φ is the azimuthal angle with respect to the x axis in the x − y plane. From Eq. (A4) it's clear that the rise time for the nonoscillatory gravitational wave memory signal to reach its final strain is the same as the duration of the neutrino burst in the detector's rest frame. to infinity. Just what that peak luminosity is and, concomitantly, the amplitude of the GWM signal both depend on details of relativistic effects near black hole formation. With our nearly Newtonian treatment, we can make only cogent, order of magnitude estimates, of these effects. The essence of the problem: The competition between increasing neutrino emissivity and gravitational redshift implies that most of the neutrinos are emitted at a thin spherical shell of radius somewhere between 1M
HC

and 2M
HC within the dynamical time scale 2M HC . The neutrino luminosity calculation from the Shi & Fuller result is based on the assumption that neutrinos only move radially outward. Yet a significant fraction of neutrinos that move radially inward will not have enough time to pass through the Schwarzschild radius 2M
HC at the onset of BH formation. The consequences are: (1) the actual neutrino luminosity is smaller than what is calculated in Shi & Fuller and (2) only the neutrinos that are not trapped in the BH can contribute the neutrino emission asymmetry via the ISW-like effect.
Assume that peak neutrino emission happens in a thin spherical shell with the radius r peak ≈ 1.5M
HC within one dynamical time before the BH formation. Neutrinos emitted into an inwardly-directed pencil of directions with launch angle ψ (relative to radially inward-directed unit vector) smaller than the critical angle ψ c have a time of flight greater than 2M
HC and therefore will be inside the trapped surface when the BH is formed. The critical angle can be estimated easily in Euclidean geometry: ψ c ≈ 68
• (see Fig. 7 ). As a result, the fraction of neutrino luminosity loss, , is approximately Here we show a crude estimate simply to illustrate how the BH trapped surface could change the neutrino luminosity. Certainly, more sophisticated, fully relativistic 3-dimensional hydrodynamical simulations together with a numerical spacetime/gravitational wave calculation are warranted. Nevertheless, throughout this paper, to facilitate a parameter survey and to illustrate the basic effects we adopt the neutrino luminosity functions taken from the Shi & Fuller and Linke et al. results.
Neutrino trapping by trapped surface formation also impacts estimates of the neutrino emission asymmetry. Neutrino born on trajectories with angle ψ less than the critical angle ψ c will be trapped in the BH. These will not make any contribution to the neutrino emission asymmetry α. Neutrinos moving on trajectories with angles ψ > π/2 will not experience any ISW-like effect because they do not stream into the collapsing core. Only neutrinos moving on trajectory angles between ψ c and π/2 can experience the differential blueshift-redshift effect and still escape to contribute to the neutrino emission asymmetry.
Using the Newtonian picture, a neutrino directed toward the collapsing core of the SMS will lose a fraction of its energy, δE/E ∼ δM/r, from the ISW-like, angledependent, differential redshift-blueshift effect. The timescale necessary for the neutrino to stream through the core and back to its initial radius is δt = 2r cos ψ, where ψ is the angle between the neutrino trajectory and the radial line. The increase in the enclosed mass is δM ∼ρ × (4πr 2 ) × (2r cos ψ), whereρ is the average density of the homologous core close to the BH formation. The fractional energy loss is δE/E ∼ (r/r s ) cos ψ.
Most of the neutrinos are emitted in a relatively thin spherical shell of radius somewhere at r peak ≈ 1.5M
HC . Consequently, in this paper, we approximate the fractional energy loss in a radius-independent form δE/E ∼ 3 4 × cos ψ. Note that this function is only meant to represent the energy loss due to the ISW-like effect. It does not include the absorption accompanying trapped surface formation.
As a simple model, let the neutrino emissivity in the peak emission shell be parameterized by Q η (θ) = Q 0 1 + η cos 2 θ , where η is the neutrino emissivity asymmetry between volume elements along the polar direction and the equatorial plane and Q 0 is proportional to the volume-averaged emissivity, Q η = Q 0 (1 + η/3). To estimate the polar-equatorial neutrino energy flux anisotropy, we need to estimate the neutrino energy fluxes that experience the differential blueshift-redshift effect and stream into a solid angle dΩ in the polar direction, along the negative z-axis (φ (pol) ), and an equatorial direction, along the negative y-axis (φ (eq) ): where θ is the polar angle from z-direction and θ is the new polar angle measured from y-direction. Here we take ψ c to be 68
• . Parameterizing the polar-equatorial neutrino energy flux asymmetry, α, as the ratio of the total flux in the polar direction to the flux in the equatorial directions subtracted by unity, and using η = 0.25, we estimate a neutrino emission asymmetry:
2π Q η + φ (eq) − 1 ≈ −0.02.
The emission asymmetry parameter α will depend on the SMS initial rotation speed. A faster rotation will induce a larger emissivity asymmetry, leading to a larger neutrino emission asymmetry. But given that the initial state of the SMS is unknown, α should be treated as a free parameter. Nevertheless, for illustrative purposes we will use α = −0.02 throughout this paper.
